In this article we take up the calculation of the minimum number of colors needed to produce a non-trivial coloring of a knot. This is a knot invariant and we use the torus knots of type (2, n) as our case study. We calculate the minima in some cases. In other cases we estimate upper bounds for these minima leaning on the features of modular arithmetic. We introduce a sequence of transformations on colored diagrams called Teneva Transformations. Each of these Transformations reduces the number of colors in the diagrams by one (up to a point). This allows us to further decrease the upper bounds on these minima. We conjecture on the value of these minima. We apply these Transformations to rational knots.
Introduction
In this article we take up the calculation of an invariant which stems from the number of colorings invariant of a knot. This invariant is the minimum number of colors it takes to produce a non-trivial coloring. See also [8] .
The colorings we are here concerned with are the so-called Fox colorings, [5] . Given a knot diagram and an integer r we consider the integers 0, 1, 2, . . . , r − 1 mod r, whose set will be denoted Z r . We assign one integer (call it a color) to each arc of the diagram so that at each crossing the sum of the integers at the under-arcs minus twice the integer at the over-arc equals zero mod r. In this way, we set up a system of equations over Z r . Each of the solutions of this system of equations is called an r-coloring of the knot under consideration. There are always at least r solutions, regardless of the knot diagram or the integer r we are choosing; each of these r solutions is obtained by assigning the same color to each arc of the diagram. These are called the trivial solutions. A one-to-one correspondence of the solutions of the systems of equations before and after the performance of each of the Reidemeister moves is presented in [10] . In this correspondence, the trivial solutions go over to trivial solutions and non-trivial solutions go over to non-trivial solutions. In particular, the number of solutions for each r, is an invariant of the knot under study. The efficiency of this invariant in distinguishing prime knots up to ten crossings is illustrated in [4] . The invariant we there associate to each knot is in fact the Color Spectrum of the Knot i.e., the sequence of number of solutions (colorings) per r.
There is an alternative way of expressing the above results using the notion of quandles. A quandle is an algebraic structure ( [7, 11] ). The knot quandle is an invariant of the knot which is presented in the following way. Consider any diagram of the knot under study. Regard the arcs of the diagram as generators of the knot quandle and read specific relations at the crossings. The quandle so presented is the knot quandle. As with presentations of groups, a presentation of a quandle is not very helpful when one wants to decide after a finite number of steps whether two given presentations are isomorphic. One of the ways to make use of this invariant is to count homomorphisms from the knot quandle to specified labelling quandles. This is equivalent to our counting of solutions, as above, when we restrict the class of labelling quandles to the so-called dihedral quandles.
The importance of knowing the Color Spectrum of the knot K under consideration, is that it tells us immediately whether K is interesting or not for our current research and whether there is significant topological information in the Spectrum. In fact, for any r, the number of trivial colorings is r. Hence if the number of colorings for a given r is greater than r, there exist then non-trivial colorings for the knot under consideration. As an example, the trefoil exhibits nine 3-colorings. It has then non-trivial 3-colorings.
Assume we are considering an integer r and a knot diagram which exhibits non-trivial r-colorings. What is the least number of distinct colors it takes to construct a non-trivial coloring? Could we use less colors to construct a non-trivial coloring, if we work with a Reidemeister equivalent diagram to the current one? Having fixed the integer r, there is, for each knot K, a minimum number of colors such that, there is no diagram of this knot with a non-trivial coloring using less colors. We denote this minimum number of colors mincol r (K). This is a knot invariant. Apparently, in order to compute it, we have to consider a diagram of the knot under study say K, and find the minimum number of colors it takes to construct a non-trivial r-coloring. This operation should then be repeated for all diagrams of K, presenting the minimum for each of these diagrams. Finally, the minimum of these minima is the mincol r (K). In this article we present techniques that allow us to calculate mincol r (K) in infinitely many cases and in other cases to estimate its upper bounds.
This invariant was first introduced in [6] . Considerations of the authors about it led them to set forth the Kauffman-Harary Conjecture which has already been proven to be true for rational knots, [9] , and for Montesinos links, [1] .
Conjecture 1.1 (Kauffman-Harary, [6]) Let p be a prime integer and assume K is an alternating knot of determinant p. Then, any non-trivial p-coloring on any minimal diagram of K assigns different colors to different arcs of the diagram.
We note that the Kauffman-Harary Conjecture deals only with a specific r per knot. Moreover, the knots under consideration in this conjecture are all alternating knots of prime determinant (and the specific r is precisely this determinant, for each of these knots). In this article we adopt a broader point of view by not specifying r. In fact, we would like to develop computational tools that would allow us to calculate the mincol r (K) for any r, and for any K. Here we content ourselves on studying the class of torus knots of type (2, n).
The organization of this article is as follows. In Section 2 we develop the material and the notation that we use in the rest of the paper. In Subsection 3.1 we compute the Spectrum of each torus knots of type (2, n) i.e., for each of these knots we calculate the number or r-colorings for each r. To the best of our knowledge, this had never been calculated for non-prime r. In Subsection 3.2 we estimate upper bounds for minimum number of colors for the torus knots of type (2, n) by leaning on features of modular arithmetic. In Subsection 4.1 we calculate the exact minimum in two cases. In Subsection 4.2 we introduce the Teneva Transformations which allows to further decrease the upper bounds calculated in Subsection 3.2; we conjecture the value of the minimum number of colors based on the Teneva Transformations. In Subsection 5.1 we prove this conjecture in another instance. In Subsection 5.2 we apply Teneva Transformations to minimize the number of colors in rational knots. In Section 6 we present the final remarks.
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Background and notation
In this section we develop the material and notation that we use in this article. • for all a ∈ X, a * a = a;
• for all a, b ∈ X there exists a unique x ∈ X such that x * b = a holds;
• for all a, b, c ∈ X, (a * b) * c = (a * c) * (b * c)
We give two examples of classes of finite quandles. 
Definition 2.4 (The dihedral quandles)
For each integer r > 1, the set {0, 1, 2, . . . , r − 1} endowed with the operation a * b = 2b − a (mod r) is a quandle called the dihedral quandle of order r, denoted R r .
We note that we are here considering also the dihedral quandle of order two. This quandle is identical to the trivial quandle of order two. We next describe a technique to count colorings. It relies on the notion of braid. The braid group on n strands, B n , can be presented by
The geometric interpretation of a σ i for a given i ∈ {1, 2, . . . , n−1} is given in Figure 2 . Multiplication of the generators is juxtaposition of the corresponding geometric objects. In this way, a braid i.e., an element of the braid group, stands for a number of entangled (or braided) heavy strands, acted upon by gravity. Each of these strands is further assumed to be suspended from one and only one of its endpoints, and all these endpoints are at the same height. The closure of the braid is the connection of the top segment of each strand of the braid to the bottom segment right below it. Upon closure, a braid becomes a knot. It is a theorem of Alexander that any knot can be realized as the closure of some braid. In this paper we will be mainly concerned with torus knots of type (2, n). These can be realized as the closure of the product of n factors σ 1 ∈ B 2 , σ n 1 . For more information on braids we refer the reader to Birman's book [2] .
... ...
Braids provide a systematic way of checking if a given assignment of colors to a diagram is a coloring. The procedure is as follows. We assign colors to the top segments of the braid and calculate their propagation downwards until the bottom segments of the braid are reached. That is, starting from the top crossing, at each crossing we assign to the lower under-arc the color which is twice the color of the over-arc minus the color of the under-arc right above the crossing in consideration. We repeat this operation at each crossing until the bottom crossing is reached. Since the bottom segments close up with the top segments (in order for the braid to stand for a knot diagram of the knot under study) then the expressions for the colors on the bottom segments have to equal the colors on the top segments. We call these equalities the coloring equation(s) for the knot under study, by the given quandle. Each solution of these coloring equations with respect to a given quandle yields a coloring of the knot by this quandle. Counting colorings by this quandle amounts to counting these solutions. Look at figure 3 for an illustrative example using a dihedral quandle. In this figure, in order for the colors a, b assigned to the top segments to stand for a coloring, the following equations have to hold, in the dihedral quandle, 
for some integer k.
We remark that, in this article, braids usually stand for their closures. If β denotes a braid, its closure is denoted β. Even when the closure of braids is not explicitly mentioned this is what is meant. In particular, colorings of braids are always such that colors on the bottom segments match the colors on the top segments. 
In this way, a "Spectral Theorem" for a knot describes the Spectrum of this knot i.e., the numbers of colorings by each of the labelling quandles in use.
We also define the "Reduced Spectrum of K", denoted Spec red (K), to be
Definition 2.11 Given two positive integers l and m, we let
stand for the greatest common divisor of l and m.
We also let
The Spectral Theorem for the T (2, n) knots.
Upper bounds on the minimum numbers of colors.
3.1 Calculating r-colorings for T (2, n) knots.
Theorem 3.1 (The Spectral Theorem for the T (2, n) Knots) For each integer n ≥ 2, #col r T (2, n) = (n, r)r for all r ≥ 2.
Proof: Consider the diagram of T (2, n) given by the closure of σ n 1 (σ 1 ∈ B 2 ) -see Figure 3 . Assume further that σ n 1 is endowed with an r-coloring for some integer r ≥ 2. In order to set up the system of equations whose solutions are the r-colorings of T (2, n), we will state and prove the following: Lemma 3.1 Let n be an integer greater than 2 and assume the diagram σ n 1 is endowed with an r-coloring for some integer r ≥ 2. If the top segments of the braid σ n 1 (σ 1 ∈ B 2 ) are colored (from left to right) with a, b ∈ R r then, for each i = 1, ..., n, the segment emerging from the i-th crossing will bear color
counting crossings from top to bottom).
Proof: By induction on n. The n = 3 instance is clear by inspection of figure 3. Assume claim is true for a specific n ∈ N. Juxtaposing another crossing to the previous n (see figure 4) , it is easy to see that the induction step follows. We now return to the proof of the theorem. For n crossings, the labellings on the bottom segments become nb − (n − 1)a and (n + 1)b − na (from left to right). In order for these a and b to stand for an r-coloring, the bottom left labelling has to equal the top left labelling and the bottom right labelling has to equal the top right labelling i.e., nb − (n − 1)a = r a and (n + 1)b − na = r b which simplify both to
So, b − a has to provide the largest factor of r which is relatively prime to n for the equation to hold; this factor is r (n,r) . Thus b − a equals r (n,r) or one of its multiples in {1, 2, . . . , r} i.e., b − a can be any of the following:
Finally, there are r ordered pairs (a, b) compatible with each of the above (n, r) possibilities. This statement is justified by the following Lemma. Proof: Clearly there are, at least, r solutions, namely:
where the entries in the ordered pairs are taken modulo r. Now, when we consider the set of all these r equations, {b − a = r i} r−1 i=0 , the set of (a, b)'s which are solutions to at least one of these equations has, at most, r 2 solutions. Since there are, at least, r solutions per i then there are, exactly, r solutions per i. Resuming the proof of the theorem, there are (n, r) possibilities for the b − a so that the equation n(b − a) = r 0 holds. Each of these possibilities can be realized in r distinct ways. There are then (n, r)r solutions i.e., (n, r)r r-colorings of T (2, n).
Proof: The fact that we obtained n(b − a) = 0 for coloring equation in the proof of the preceding theorem means that we were able to simplify the coefficient matrix of the system of equations to upper triangular form with a 0 on the last entry of the diagonal, an n on the entry before the last of the diagonal, and 1's on all other entries of the diagonal. The determinant of the reduced matrix is then n. Hence, the determinant of the T (2, n) is n.
Corollary 3.2 The determinant classifies the torus knots of type of (2, n).
Proof: It follows from the fact that the determinant of a knot is an invariant of this knot in conjunction with Corollary 3.1.
We now give a second proof of the classification of the T (2, n) knots by considering the counting of r-colorings.
In particular, any two distinct torus links, T (2, n) and T (2, n ′ ), are told apart by their numbers of rcolorings.
Proof: Given n and n ′ as in the statement,
Since the number of r-colorings is a knot invariant, the statement follows. Proof: Omitted. The following result is also included here for completeness:
Moreover, the two components of any T (2, 2k) are linked to each other but each one of them is, per se, a trivial 1-knot.
Proof: For any integer n ≥ 2, consider the braid σ n 1 (σ 1 ∈ B 2 ). Let 00 be the leftmost point at the top of σ n 1 , 01 be the rightmost point at the top of it; let 10 be the leftmost point at the bottom of σ n 1 , and let 11 be the rightmost point at the bottom of it. 0 and 1 are here regarded as binary digits. In this way, if x is 0 (1, respect.) thenx is 1 (0, respect.). Check Figure 5 for the n = 3 instance. (σ 1 ∈ B 2 ). For any x ∈ {0, 1}, starting at 0x and progressing downwards along the diagram we arrive at 1x.
Proof: The k = 1 instance is visualized in Figure 5 . Assume the statement is true for a generic k. Juxtaposing σ it is easy to see that the induction step follows. This proves the lemma.
Roughly speaking, what this lemma proves is that if one goes along the σ 2k+1 1 braid starting from one side at the top one gets to the bottom on the other side. Upon closure of the braid, one continues travelling along the knot going up around the back of the braid on this other side, then down along the braid to the side one previously started on and finally up around the back to the original point. In particular, T (2, 2k + 1) is a 1-component knot. 
Lemma 3.4 For any integer
For any x ∈ {0, 1}, starting at 0x and progressing downwards along the diagram we arrive at 1x.
Proof: Omitted. Noting that at each horizontal level there are exactly two points, then the preceding Lemma implies that there are two components in the closure of T (2, 2k) for any integer k ≥ 2 i.e., T (2, 2k) is a 2-component knot.
Lemma 3.5 For any integer
For any x ∈ {0, 1}, If we remove the arc that connects 0x to 1x on σ 2k 1 , we are left with an arc which is deformable to a straight line connecting points 0x to 1x.
Proof: By induction. We leave the straightforward details to the reader.
Resuming the proof of the Proposition, the preceding Lemma implies that the 2-component knot obtained from the closure of σ 2k 1 is formed by components which are unknotted. This proves the last statement in the Proposition. We now prove that these two components are linked. As a matter of fact, if they were not linked then there would be a diagram of T (2, 2k) made up of two disjoint unknotted circles. The number of r-colorings of T (2, 2k) would then be r 2 for any integer r ≥ 2. This contradicts the formula established in Theorem 3.1: #col r T (2, 2k) = (2k, r)r at least for all primes r greater than 2k. This concludes the proof of the Proposition.
Leaning on Theorem 3.1, we give a brief description of the spectrum of T (2, n), for an integer n ≥ 2. At each r such that r|n there are r 2 colorings; at each r such that (n, r) = 1 there are r (trivial) colorings; and, as r increases beyond n, at each r which is a multiple of a power of n there are nr colorings. At all other r, the number of colorings satisfies:
The spectrum of T (2, n) is in general restricted to the sector between and including the lines through the origin with slopes 1 and n, except for those r that divide n; at each of these r's that divide n, the number of colorings is r 2 . The Reduced Spectrum of T (2, 7), T (2, 8), T (2, 9), and T (2, 15) is shown in Figures 6, 7, 8, 9 . In the Reduced Spectrum we associate #col r T (2, n)/r to each r.
Minimizing numbers of colors
We now look into the minimum number of distinct colors needed to produce a non-trivial r-coloring of T (2, n). We use the following assigned to the arcs of D it takes to produce a non-trivial r-coloring on D. We denote mincol r K the minimum of these minima over all diagrams D of K:
Note that mincol r K is tautologically a topological invariant of K.
The following theorem presents an upper bound for mincol r T (2, n). We remark that, given two positive integers l and m, l, m stands for the least common prime factor of l and m -which may be 1 (see Definition 2.11). Proof: Pick a, b ∈ R p , distinct. Suppose there exist i, j ∈ {0, . . . , p − 1} such that ib − (i − 1)a = p jb − (j − 1)a. Then (i − j)(b − a) = p 0 which is equivalent to saying that i = j, for Z p is a field.
Hence, given positive integers n and r such that (n, r) > 1 we constructed a non-trivial r-coloring of T (2, n) which uses exactly n, r colorings. n, r is then an upper bound for mincol r T (2, n). This concludes the proof.
Some minima.
Improvements on other upper bounds: Teneva Reduction. Conjecture on the minima.
Calculating some minima.
We now calculate mincol r (K) for some r's and for some knots, K, from {T (2, n) | n = 2, 3, 4, . . . }. Proof: For even positive integers n and r, n, r = 2. Then, by Theorem 3.2,
Since a nontrivial coloring has to use at least two distinct colors, the result follows. We remind again the reader that we call trivial coloring any coloring which assigns the same color to each arc of the diagram under study. We remark that this implies that a trivial knot of more than one component can be assigned non-trivial colorings. In order to see this, consider a diagram of this knot where one component lies in a neighborhood which is disjoint from a neighborhood which contains the rest of the diagram. Color the singled out component with color a and the rest of diagram with color b( = a) -this is a non-trivial coloring of this trivial knot. Note further that this type of phenomenon does not occur for one component knots. In fact, a trivial knot with only one component has a diagram with no crossings. Any coloring of this diagram can only have one color -hence any other of this knot's diagrams is colored with only one color. Proof: Since n, r = 3, then there is an r-coloring of T (2, n) with as few as three colors by the proof of Theorem 3.2. We next prove that two distinct colors are not enough to produce a non-trivial coloring in the n, r = 3 case. We consider two possibilities: odd r and even r.
Suppose r is odd and a, b ∈ R r . If b = a * b (= 2b − a) then a = b; if a = a * b (= 2b − a) then 2b = 2a which is equivalent to saying a = b since r is odd (hence 2 is invertible). Thus if we choose distinct a, b from R r then #{a, b, a * b} = 3 and so any non-trivial r-coloring of T (2, n), for odd r, has at least three colors. This concludes the proof for odd r. Suppose r is even; then n is odd for otherwise n, r = 2. Assume there is an r-coloring of a diagram D of T (2, n) which uses exactly two distinct colors, say a, b. At some crossing of the diagram the two colors meet. The possibilities for the color on the emerging arc are as follows. Either b = a * b (= 2b − a) i.e., a = b which is contrary to the assumption; or a = a * b (= 2b − a) i.e., a = b + r 2 . Hence,
Thus, the subquandle of R r generated by b and a = b + r 2 is formed by exactly a and b, when r is even. Consider again the diagram D endowed with the indicated coloring which uses only the two colors a and b. By performing Reidemeister moves and consistently changing the colors after each move (cf. [10] ) we obtain a new diagram of T (2, n) endowed with a coloring which uses only the two colors a and b -because {a, b} constitute an algebraically closed set with respect to the * -operation, as was seen above.
In particular, we could transform D into σ n 1 upon performance of Reidemeister moves and the associated coloring (obtained by consistently changing the colorings after each Reidemeister move) would use exactly two colors. We now prove that σ n 1 cannot be colored with only two colors -because n is odd. As a matter of fact, starting with distinct a and b from R r at the top segments of σ n 1 (from left to right) we obtain, using induction, b, a (from left to right) after an odd number of crossings. This concludes the proof. 
We remark that the proof of Theorem 4.2 yields a stronger result than the statement of the Theorem. Specifically,
Corollary 4.1 Let r be an integer greater than 1.
• If r is odd and if K is not splittable then,
• If r is even and K is not splittable then, -a specific diagram of K admits an r-coloring with exactly two colors if, and only if, any other diagram of K admits an r-coloring with exactly two colors
Proof: Omitted. In particular,
Corollary 4.2 If n, r is an odd prime then:
Proof: If r is odd, the statement of this Corollary is a particular case of the first statement of Corollary 4.1. If r is even, then n is odd. In particular, T (2, n) is a 1-component knot, by Proposition 3.1, and so the second statement of Corollary 4.1 applies. Repeating an argument used in the proof of Theorem 4.2 we see that the closure of σ n 1 cannot have an r-coloring with just two colors, since n is odd. Whence no diagram of T (2, n) can have an r-coloring with just two colors. This concludes the proof.
Teneva Transformations.
The results we obtained on mincol r T (2, n), so far, relied on the features of modular arithmetic. We will now come up with better estimates for mincol r T (2, n) by making use of Reidemeister moves. In particular, we will obtain diagrams endowed with non-trivial colorings that use less colors than the ones considered so far although these diagrams have more arcs. In order to obtain these diagrams we will use what we call Teneva Transformation. This a particular sequence of Reidemeister moves, starting from the σ n 1 diagram of T (2, n) endowed with a non-trivial coloring and consistently coloring the diagrams after each move, in the sense introduced in [10] . This formalizes and generalizes a particular case due to Irina Teneva presented in [6] .
Specifically, we now establish that, for any odd prime p = 2k + 1 (for some positive integer k),
In order to do this we will prove that, for any positive integer k, mincol 2k+1 T (2, 2k + 1) ≤ k + 2. Of course, for non-prime 2k + 1, Theorem 3.2 presents a strictly smaller upper bound but in this way we are able to use induction on k thus establishing the k + 2 upper bound also for prime p = 2k + 1. This is a better estimate than the Theorem's, in the prime p situation. We remark, in passing, that, for any positive integer k, k + 2 is also an upper bound for mincol 2k T (2, 2k); again in this case, Theorem 3.2 presents a strictly smaller upper bound. In order to prove that k + 2 is an upper bound, as referred to above, we consider the diagram of the torus knot T (2, 2k + 1) (for k > 1) as given by the braid closure of σ 2k+1 1 (σ 1 ∈ B 2 ) and endowed with a non-trivial (2k + 1)-coloring. This coloring is represented by assigning a, b ∈ R 2k+1 (a = b) to the top segments of the braid σ there are, at most, 2k + 1 colors in this coloring. If a = 0 and b = 1 then there are exactly 2k + 1 colors. If 2k + 1 is prime then there are exactly 2k + 1 colors whenever a = b, thanks to Lemma 3.6. We, thus, assume that, for each k, the coloring in point uses 2k + 1 colors. We then perform 1 + k Reidemeister moves on the diagrams, consistently changing the coloring assignments after each move (cf. [10] ), eventually obtaining a coloring assignment with k + 2 colors.
We exemplify for k = 2 starting from the diagram of T (2, 5) given by the closure of σ 2·2+1 1 and endowed with an r-coloring as indicated (see Figure 11) . The dotted lines indicate where the arc in point is taken to by the next move. There are 1 + 2 = 3 moves. The first one is a type I Reidemeister move on the arc labeled a in the bottom right of the first diagram in figure 11 ; the two other moves are type III Reidemeister moves. The first of these two type III Reidemeister moves moves the arc labeled a (which stems from the bottom left of the second diagram) over a crossing above it in the manner indicated in figure 11 (dotted lines in the second diagram). Color 2b − a is introduced with this move but since it was already part of the coloring, the number of colors remains the same. The second type III Reidemeister move moves the arc we just referred to over the crossing right above it. With this move color 3b − 2a is introduced and color 4b − 3a is removed. Since color 3b − 2a was already part of the coloring and there was only one arc assigned color 4b − 3a, this move reduces the number of colors by one. We end up thus with 5 − 1 = k + 2 colors for k = 2 as announced. with the first three as indicated for T (2, 5), in figure 11 . As of the third, each move will be analogous to the previous one, the arc in point being pulled up over one crossing at a time. As with T (2, 5), the first two moves will not affect the number of colors used. The third move will remove color (2k)b − (2k − 1)a, the fourth move will remove color (2k − 1)b − (2k − 2)a, . .. , the k-th move will remove color (k + 3)b − (k + 2)a, and the (k + 1)-th move will remove color (k + 2)b − (k + 1)a. Analogous remarks apply for the even n = 2k case. We then state: 
Before embarking on the proof of this proposition we will first state and prove a technical lemma which will help us deal with it. in the following way:
The set {3b − 2a, 4b − 3a, . . . , kb − (k − 1)a, (k + 1)b − ka} contains the colors that are introduced from the performance of type III Reidemeister moves i = 2 through k; these colors were already in • If n, r ∈ {2, 3}, then: mincol r T (2, n) = n, r
• If n, r = 2k + 1, for some integer k > 1, then:
Proof: Omitted. Furthermore, we conjecture the upper bound in Theorem 4.3 to be the actual minimum:
Conjecture 4.1 Suppose r and n are positive integers such that (n, r) > 1. Let n, r = 2k + 1, for some integer k > 1. Then:
Note that we call Teneva Transformation (Lemma 4.1) a finite sequence of moves on knot diagrams endowed with colorings. This transformation introduces some colors and removes other colors in the colorings. We call this transformation Teneva Reduction (Proposition 4.1) when the net effect of the Teneva Transformation is to decrease the number of colors used in the coloring.
Note also that a Teneva Transformation can be applied to a portion of a knot diagram endowed with a coloring such that this portion of the diagram looks like a σ n 1 (σ 1 ∈ B 2 ) . If the net effect of the Teneva Transformation on the braid-like portion of the diagram is to decrease the number of colors used in the whole diagram, we call it also Teneva Reduction (see 5.2).
Another minimum.
Illustrative examples of Teneva Reduction on rational knots.
5.1 Proof of the k = 2 instance of Conjecture 4.1.
Our proof of the statement in the title of this subsection relies on understanding how the multiplication table of a subset of three elements from R r can be realized for a general integer r > 2. For each of the realizations we will then inquire into whether this subset with the indicated table can give rise to a coloring of a T (2, n) or not. Suppose we are given distinct a, b, c ∈ {0, 1, 2, . . . , r − 1}. We construct their multiplication table, as a subset of R r , by considering the four possibilities on the value of 2b − a:
2. 2b − a = r a ; 3. 2b − a = r c ; 4. 2b − a / ∈ {a, b, c} mod r Some of these four possibilities enclose further ramifications. In the sequel we will drop the index r and the expression mod r but the equalities and belonging to a set are still supposed to be understood mod r.
1. Suppose first that 2b − a = b. Then a = b which contradicts the assumption that a, b, c are distinct.
As of now we will systematically discard the possibilities of the type 2y − x = y since they lead to equality between two of the given elements thus contradicting the assumption.
2. Assume now that 2b − a = a. Then 2(b − a) = 0. If r is odd this amounts to saying that a = b which contradicts the hypothesis. If r is even then we obtain b = a + r 2 . We also obtain in this situation that 2a − b = b, 2a = 2b and 2a − c = 2b − c.
In the sequel, when an equation of the sort 2(x − y) = 0, for even r, appears we will conclude that x = y + Table 5 .2: Multiplication table for the, even r, 2b − a = a and 2c − a not in {a, b, c} case With this information, the multiplication table for {a, b, c} for the 2b − a = a, 2c − a = b situation is displayed in Table 5 .1, and for the 2b − a = a, 2c − a / ∈ {a, b, c} situation it is displayed in Table  5 .2. The symbol "X" means that the value in that box does not belong to {a, b, c}. Note that, in both Table 5.1 and Table 5 .2, the only entry from {a, b, c} in the row corresponding to c is c. In terms of colorings this means that, when using these three colors in order to color a knot diagram, the color c will never be assigned to an under-arc. But in a 1-component knot any over-arc will at some point become an under-arc. Since we are assuming the three colors are being used, the current situation does not correspond to a coloring of a 1-component knot. Note that this argument applies whenever there is a row with only one entry from {a, b, c}. That at least one entry from this set has to appear is a consequence of the idempotency axiom (x * x = x). 
The corresponding table is displayed in Table 5 .5 Table 5 .11 Table 5 .11: Multiplication table for the 2b − a, 2b − c, 2c − b, 2c − a, and 2a − c not in {a, b, c} case We note that, except for Table 5 .4, all other tables have, at least, one row with only one entry from {a, b, c}. The fact that each of the rows has to have at least one entry from {a, b, c} stems from the idempotency axiom. The situation of Table 5 .4 implies that 3 | r, as was seen in the discussion leading to it. We can thus say that, together with the discussion of Tables 5.1 Proof: We recall that, via the proof of Theorem 3.2, there is a coloring that uses exactly 4 colors from R r whenever n, r = 5. Corollary 4.2 shows us that mincol r T (2, n) here cannot be 2. We will now show that mincol r T (2, n) cannot be 3 thus concluding the proof. Suppose n is odd. Then T (2, n) is a 1-component knot (Proposition 3.1) and according to the preceding Proposition there are no r colorings of T (2, n) using only 3 colors provided 3 ∤ r. Assume now that 3 | r. Then we are in the situation of Table 5 .4. These three colors form a subquandle of R r which is isomorphic to R 3 . If there is a diagram of T (2, n) which is colored by these three colors then any other diagram of T (2, n) is colored by these three colors, since in this situation the a, b, and c are algebraically closed under the operation. But the closure of σ n 1 is not colored by these three colors since 3 ∤ n. Suppose now that n is even. Then T (2, n) is a 2-component knot (Proposition 3.1). Also, r cannot be even, for otherwise n, r = 2. Then the situations that give rise to Tables 5.1, 5.2, 5.3, 5.6, 5.7, 5.9 do not concern us since they have to do with even r. As for Table 5 .4, it will also not concern us here because, as discussed in the preceding paragraph, if it did then both r and n would be divisible by 3 which would imply that n, r = 5. We are thus left with situations involving Tables 5.5, 5.8, 5.10, or 5.11. In Table  5 .5, b can never color an under-arc nor is it ever the product of colors distinct from itself. Therefore b colors a component of T (2, n) which is not linked to the other component. But this is impossible since according to Proposition 3.1 for even n, the two components of T (2, n) are linked. The situations giving rise to Tables 5.8, 5.10, or 5.11 are analogous to the one we just described. This concludes the proof.
Teneva Reduction on rational knots.
We will now consider applications of Teneva Reductions to rational knots. For facts and notation on rational knots we refer to [9] .
We consider the rational knot N We now show an example of a rational knot, R, of prime determinant, p, such that its minimum number of colors modulo p and over all diagrams is strictly less than the minimum number of colors over minimal diagrams i.e., mincol p R < minmin p R. This rational knot is N [8] , [−9] . Its determinant is the prime 73(= 9 · 8 + 1). The Teneva Reduction in this case is similar to the preceding one so we will just show the initial diagram endowed with a non-trivial 73-coloring, the portions of the diagram that will undergo Teneva Reduction (inside the boxed areas), see In particular, note that the minimal alternating diagram on Figure 17 uses 17 colors to produce a non-trivial 73-coloring. This is in accordance with the Kauffman-Harary Conjecture (Conjecture 1.1) since this diagram has 9 + 8 = 17 arcs. Notwithstanding, the diagram in Figure 18 is Reidemeister equivalent to the preceding one and uses only 12 colors to produce a non-trivial 73-coloring. In this way, Conjecture 4.1 does not apply for general rational knots with "n" replaced by "Determinant of R". Moreover, this example shows that, for rational knots, the minimum number of colors predicted by the Kauffman-Harary conjecture, which considers only minimal diagrams, can be further decreased using non-minimal diagrams.
Final remarks
The main accomplishments of this paper are the expression of the number of r-colorings of a torus knot T (2, n) for any integer r > 2 and the reduction of the upper bounds of the minimum number of colors necessary to produce a non-trivial r-coloring using Teneva Transformations. A first question we would like to answer concerns the truth of our conjecture on the minimum number of colors for the T (2, n)'s.
We regard this work as a case study which motivates us to attack more general situations. In this way, we would like to consider other classes of knots, other classes of labelling quandles, inquiring into the possibility of other sorts of transformations that allow one to reduce the number of colors of a non-trivial coloring, finding techniques to compute the minima of these colors given a diagram of a knot (at least for some classes of knots), etc. We aim to address these topics in future work.
